Abstract. We give methods to compute l 2 −cohomology groups of a covering manifold obtained by removing pullback of a (normal crossing) divisor to a covering of a compact Kähler manifold.
1. introduction.
1.1. Let p :X → (X, ω) be a Galois cover of a compact Kähler manifolds with covering group G. Let N (G) be the (left) group Von Neumann algebra of G. Let (S k−q,q (X), d) and (S k−q,(p,q) (X), ∂) be the complexes built on differential q−forms (resp. (p,q)-forms) of Sobolev class k − p (k ∈ N big enough). We have the following morphism of (left) N (G)−modules:
Kodaira decomposition: H A torsion theory τ = (T , F ) on Mod(N (G)) (category of N (G)−modules, T is class of torsion modules, F class of free modules; see 2.4 and 3.1) is given by a Serre class T of N (G)−modules: T is a stable by extension, quotient and submodule. Then in quotient category Mod(N (G)) /τ , a module A ∈ T is isomorphic to {0}, a morphism α ∈ Hom N (G) (., .) defines an inversible [α] ∈ Hom N (G) /T (., .) iff its kernel and cokernel are in T . Moreover reduction functor Mod(N (G)) → Mod(N (G)) /τ is exact.
Then Theorem 3.4 shows that interpretation of Kähler condition gives: The purpose of this work is to put a mixed Hodge structure modulo a torsion theory (localisation at a full thick subcategory) on l 2 −cohomology groups H . d(2) ( X \ D) when D ⊂ X is a normal crossing divisor.
Let p * (2) R → X, p * (2) C → X be the sheaves of L 2 −direct image of locally constant function (locally isomorphic to the constant sheaf l 2 (G, R) and l 2 (G, C)). Let (p * (2) Ω . X (logD), W, d) → X be the sheaves of L 2 −direct image ( [4] ) of the complex of logarithmic forms with pole on D with its weight filtration W . Theorem 4.5 implies Theorem 2. Let p :X → X be a Galois covering of a compact Kähler manifold. Let G be its group of deck transforms and let N (G) be its von Neumann algebra.
Let D = D 1 ∪ . . . ∪ D k → X be a normal crossing divisor in X. Let τ = (T , F ) be a real torsion theory on Mod(N (G)) and let Mod(N (G)) /τ be the quotient category. A) Isomorphism 
1.
3. Above spectral sequences are valid on general complex manifold X and may be realised through various Sobolev spaces.
From Deligne [6] , one deduce quickly that category of mixed Hodge structure mod τ (see def.
) is abelian.
We will give some details of the following basic principle in theory of mixed Hodge structures. Degenerescence (mod some torsion theory τ ) of Hodge to de Rham spectral sequence of each coveringD I → D I implies degenerescence of the weight spectral sequences at E 2 (in simple words: It is enough to control first constituant within a torsion theory to obtain control of the whole spectral sequence).
1.4.
It is a priori not clear wich object becomes isomorphic to {0} in a quotient category . If X is a compact Kähler manifold, there exists a scale of torsion theories wich gives non trivial mixed Hodge structure:
Let τ dim be the torsion theory such that module of zero G−dimension are torsion. From Atiyah [1] , reduced cohomology spaces are of finite G−dimension and dim N (G) Imd Imd = 0, dim N (G) Im∂ Im∂ = 0. Reduction of above spectral sequence to Mod(N (G)) τ dim always defines a mixed Hodge structure and isomorphism E 2 ≃ E ∞ in Mod(N (G)) /τ dim gives expected realisation in term of harmonic spaces and Gysin maps:
(Ω p X (logD)) (after a choice of hermitian metric on vector bundles Ω . X (logD)). Count of dimensions prove for example that Gr 1.5. Finer torsion theories are available: We prove in lemma 3.1, that for any α ∈ Im∂, there exists r ∈ N (G) an almost isomorphism (injective with dense range) such that rα ∈ Im∂. This is a particular case of the T −lemma 2.2.8 wich is well known to operator algebraists. Let U(G) be the ring of affiliated operator of N (G): it is the quotient ring of N (G) by the multiplicative set of almost isomorphism (see Lück [23] Chap. 8). Above lemma reads
Therefore working in Mod(N (G)) /τ U(G) allows easy computation with Hilbert Modules (one could also work directly in category of U(G)−modules and associated sheaves).
1.6. Let N (G) be the local constant sheaf associated to N (G). There is a natural exact functor N from sheaves on X to sheaves of N (G)−modules given by
(p ! is direct image with compact support). Let K be a cohomological Hodge complex of sheaves on X. Then N (K) view as a complexes of N (G)−sheaves modulo τ dim should be a minimal (τ dim , τ dim )−CHMC (see 4.7) . In this article we obtain a (0, γ * τ ∂ )−CHMC, wich might be view as a maximal object (4.7).
1.7. In last section, we treat simple examples through various choice of torsion theories.
1.8. In this article, we focus on the technical part of mixed Hodge structure modulo some torsion theory. In a subsequent paper, functoriality, geometrical and analytical applications will be given.
1.9. We give a short list of references: -We tried to follow articles of Deligne [6] , [7] . The reference books of El Zein [12] ,Voisin [36] , and Peters Steenbrick [28] contains steps to mixed Hodge structures and we extracted from [28] presentation of this theory.
-Article of Farber [14] defines an abelian category (objects are morphisms (f : A 1 → A 2 ) of finitely generated N (G)−module, morphisms are the natural one) in order to deal with non closed range. According to Freyd [15] , this is the smallest abelian category wich contains category of finitely generated hilbertian modules. Farber already develops homological algebra for theses modules. However calculus in this category are not so easy (Objects are 2−term complexes) and localisation seems more appropriate in order to use sheaf theory.
-Article of Atiyah [1] , Cheeger Gromov [5] , Shubin [32] give foundational results. In [5] , [32] exact sequences of Fredholm complexes are strudied. -Article of Shubin [32] contains already results on existence of distributional sections with prescribed singularity. It covers (in a short format) needed analytical results on Von Neumann algebra, G−Fredholm operators and Sobolev spaces (see also Ma Marinescu [24] ). -Article of Eyssidieux [13] propose, following method of Farber, a construction of L 2 −direct image for coherent sheaves and compute its derived category (It is also suggested in the introduction to developpe L 2 −mixed Hodge structure and may be L 2 −intersection cohomology). -Article of Campana Demailly [4] defines L 2 −direct image of coherent sheaf and gives functorial properties that will be used in this article. -In Chapter 6 of Lück [23] , an algebraic treatment of l 2 −cohomology is given. A dimension for any (abstract) N (G)−module is defined, and it is proved that the ring N (G) is semi hereditary (finitely generated submodule of a projective module is projective). Then subsequent results are essentially stated using dimension torsion theory.
In chapter 8 and article of Sauer, Thom [29] , torsion theory and homological algebra associated with dimension function or affiliated operators is used.
1.10. My hearty thanks go to S. Vassout and G. Skandalis for illuminating discussions on Von Neumann algebra.
preliminaries.
2.1. real structures. [17] or Bredon [2] ): Let X be a topological space. Let R be a ring and R be the sheaf of rings it defines. Let A be a sheaf of (left) R−modules, let
Godement resolution. (See Godement
are covariant additive exact functors with value in the category of differential R−sheaf, resp. cochain R−complexes. If X is clear from the context, we write C * (A), . . .
) be the total complex associated to the double complex C God q (X, F p ). Let j : Y → X be a continuous map and (
2.1.2. real structure. Assume that R is a R−algebra, then any sheaf of R−modules is also a sheaf of R−vector spaces so that A ⊗ R C is a sheaf of R ⊗ R C−left modules. Let i : A → A ⊗ R C. Then
are R ⊗ C−isomorphisms (resp. R ⊗ C−isomorphisms).
) and End C l 2 (G, C) so that g(m(a)) = (gm)(ga). Continuous invariant morphism for this action are N r (G, R) and
is identified to a subring of N (G, C).
2.2.
A T −lemma on von Neumann algebra. Survey on von Neumann algebra is given in Lück [23] chap.9. See also Pedersen [27] , Dixmier [9] . Definition 2.2.1. Let A be a Von Neumann algebra on a separable Hilbert space. Let A + be the cone of positive operator in A. 1) A trace is a function t : A + → [0, +∞] such that if λ > 0 and x, y ∈ A + then t(λx) = λt(x), t(x + y) = t(x) + t(y) and for all unitary u ∈ A, t(u * xu) = t(x).
2) A state is a positive functional of norm one: ϕ ∈ A ′ such that ϕ(A + ) ⊂ R + and ϕ(1) = 1. 3) A trace or a state is normal if it is continuous on increasing limit of net.
3) Defines the left kernel of a trace or a state ϕ by L ϕ = {x ∈ A : ϕ(x * x) = 0}. One says that ϕ is faithful if L ϕ = 0. 4) A faithfull trace is called finite if t(1) < +∞ (and A is then called finite von Neumann algebra).
It is called semi finite if A t + = {y ∈ A + : t(y) < +∞} is weakly dense in A + . Then for all x ∈ A + , t(x) = sup
Example 2.2.2. 1) Let e ∈ l 2 (G) be the function g → δ e (g) and e the unit element. Then trace of n ∈ N l (G) or N r (G) is tr N (G) n :=< n(e), e >. Traces and states satisfies Cauchy-Schwartz inequality:
Therefore, left kernel L ϕ of ϕ is a linear space. Define a scalar product on A ϕ 2 /L ϕ (wich is equal to A/Kerϕ if ϕ is a state) by (ζ x , ζ y ) := ϕ(y * x) with x → ζ x be the quotient map. The GNS (Gelfand-Naimark-Segal) construction is obtain by completion of this pre-Hilbert space (see Pedersen [27] 
5)
Assume that ϕ is a faithfull state, then for any state
Recall that a representation (π, H, ζ) of A is said to be cyclic if π(A)ζ is dense in H.
Proof.
1) Let H ϕ be the Hilbert space completion of (A/(Kerϕ), (., .)). Then A/(Kerϕ) → H ϕ is dense.
Defines π ϕ (x)ζ y = ζ xy . One checks that this defines a continuous operator π ϕ (x) on A/Kerϕ. It extends as a continuous operator on
2) Densely defined positive bilinear form B(ζ x , ζ y ) := ϕ ′ (y * x) is bounded by (ζ x , ζ y ). Friedrich extension gives a unique operator a on H ϕ such that B(ζ x , ζ y ) = (aζ x , ζ y ). One checks that a ∈ π ϕ (A) ′ and 0 ≤ a ≤ 1.
3) Let a 1 2 be some positive square roots in π ϕ (A)
with dense image (for ϕ is faithfull). Hence representation π ϕ and π ϕ+ϕ ′ are isomorphic. But π ϕ ′ is a sub representation of π ϕ+ϕ ′ .
Note that Hilbert space completion is solution of a universal problem. This implies that natural bounded morphism (A/(Kerϕ), (.,
Standard form.
A similar statements holds for the GNS construction associated to a trace. Note however that unitary invariance of a trace t implies that t(xy) = t(yx) on A t 2 . This gives further property to associated GNS space: Let (A, t) be a von Neumann algebra with a normal faithfull tracial state (a continuous positive linear formϕ such that ϕ(1) = 1 and ϕ is a normal trace). Then (x, y) → t(y * x) = (x, y) t is a scalar product. Let (π t , l 2 (A, t), ζ t ) be the Hilbert space obtains through GNS construction and called it the standard form associated to (A, t).
A vector ζ ∈ l 2 (A, t) defines two closed, densely defined, unbounded operators:
wich is conjugate linear, isometric and involutive.
Proof. 1) see Dixmier [9] I.6.2 theorem 2 and I.5.2.
2) see Dixmier [9] I.5.3.
Therefore we assume that A is a von Neumann sub-algebra of B(L 2 (A, t)) and let A ′ acts on L 2 (A, t) on the right.
It is apparent on x → h⋆x⋆h ′ that right and left representation commute. Note that standard form of (
Closed densely defined unbounded operator ρ(x) with x ∈ l 2 (G) are particular cases of operators affiliated to N r (G):
Then (see Pedersen [27] 5.3.10) from the bicommutant theorem, it follows that h is affiliated to A iff f (h) ∈ A for every bounded Borel function on Spec(h). In particular, if h ≥ 0 then h is affiliated to A iff (1 + ǫh) −1 h ∈ A for some ǫ > 0. An essential property of affiliated operator to (A, t), a finite von Neumann algebra, is that they form an algebra (a property valid for more general semi-finite von Neumann algebra, see Lück [23] Chap.8, Murray-Von Neumann [26] Chap. XVI, Shubin [32] 
The following lemma is a variation on the description of N l (G)f in term of affiliated operator as in Murray-Von Neumann [26] 9.2, developped as Radon-Nykodim theorems in Dye [11] , Pedersen [27] 5.3 : Lemme 2.2.8 (The T −lemma). Let (A, t) be a finite von Neumann algebra. Let π : A → B(H) be a faithfull represention of A as a von Neumann subalgebra of B(H). Let T be an operator in the commutant π(A)
′ of π(A). For any ζ ∈ ImT , there exists r ∈ A such that π t (r)(2.2.4) is injective with dense range and π(r)ζ ∈ Im(T ).
is a A−linear injective morphism with dense range. Moreover vector state associated to (ζ, 1) (x →< π(x)ζ, ζ > +t(x)) dominates t. Using GNS construction 2.2.3 (5), one deduces that there
1 , we apply (1) to conclude.
N (G)−Hilbert Modules and von Neumann dimension. A (left) N (G)−Hilbert module
is a Hilbert space V with an unitary action U (.) of G such that V is G−isometric to a G invariant subspace of the free Hilbert N (G)−module H⊗l 2 (G). Then the von Neumann generated by {U (.)} is isomorphic to N l (G). If dim C H < +∞, then V is said to be finitely generated. 
Then if V is a Hilbert N (G)−module the two dimension functions agree: both of them satisfies that dimension is supremum over finite dimensional subspaces (Lück [23] p.21 th.1.12 and th. 6.24).
Localisation at a Torsion theory.
Definition 2.4.1. A Serre subcategory T of an abelian category A is a full subcategory T of A such that for any exact sequence 0 → A → B → C → 0 in A, then B ∈ T ⇐⇒ A ∈ T and C ∈ T .
2) In category Mod(R) of R−modules over a ring R, a Serre class T defines a hereditary torsion theory τ = (T , F ) on R (Vas [35] , Golan [18] ): Module in T are torsion modules. Defines class of free modules F = {F ∈ Mod(R) : ∀T ∈ T , Hom R (T, F ) = 0}.
Lemme 2.4.2. Let τ = (T , F ) be a hereditary torsion theory, then 1) F is closed under submodules, direct products and extension. 2) Any M ∈ Mod(R) has a unique maximal τ −torsion submodule, denoted T τ (M ).
3) A hereditary torsion theory is cogenerated by an injective module
E: τ = (T , F ) with T ∋ S ⇐⇒ Hom R (C, E) = 0. 4) Functor T τ (.) : Mod(R) → T is a left exact functor (N ⊂ M implies that T τ (M ) ∩ N = T τ (N )).
Proof.
2) Let {N i , i ∈ Λ} be the set of all torsion submodule of M . Trivial module {0} belongs to this set. Then T τ (M ) := i∈Λ N i satisfies required properties for it is a homomorphic images of ⊕ i∈Λ N i wich is torsion. 3) , 4) See Golan [18] p.5 and p. 24.
If τ 1 and τ 2 are torsion theories, then τ 1 is smaller than
Then if C is a class in Mod(R), the hereditary torsion theory generated by C is the smallest hereditary torsion theory τ such that C ⊂ T .
2.4.3. Quotient category. According to Grothendieck [21] (1.11) and Gabriel [16] Chap.3, if T is a Serre subcategory of an Abelian category A, there exists a quotient category A/T with same object than A and obtained by extending class of isomorphism. Moreover functor A → A/T is exact. 
Let α ∈ Hom N (G) (M, N ) and let [α] be its image in quotient category. Then [α] is a monomorphism (resp. epimorphism, resp. isomorphism) iff Kerα (resp. Cokerα, resp. Kerα and Cokerα) is a torsion object.
2.4.5. Torsion theory and complexification. Let R be a ring wich is also an R−algebra
is faithfull and exact and has a left adjoint
Let J = φ(iId B ) be automorphism in B R defined by multiplication by i in B and let J C = J ⊗ 1 C : B R ⊗ R C → B R ⊗ C be its complex linear extension. LetB be the complex conjugate R ⊗ R C−module associated to B: Its underliying abelian group is B, and module structure is given by the following representation ρ of R ⊗ R C in End(B): ρ(r ⊗ c)(b) = (r ⊗c).b. Then there is a natural antilinear R−isomorphism B →B. This defines a functor on Mod(S). Moreover antilinear R−linear map from B to B ′ are in bijection with R ⊗ C−linear map from B to B ′ (or from B to B ′ ). A R ⊗ C−isomorphism from B toB is equivalent with a real structure
Definition 2.4.7. (see [18] .) Let γ : R → R ⊗ R C be above ring extension. i) Let τ = (T , F ) be a torsion theory on Mod(R). Then γ * τ is the torsion theory on Mod(
One checks that if τ is cogenerated by injective I (2.4.2), then γ * τ is cogenerated by injective
The following properties are equivalent:
A (hereditary) torsion theory on Mod(R ⊗ R C) is real if it satisfies one of the above properties.
Example 2.4.9. Let τ C be any torsion theory then γ * γ * τ C is a real torsion theory.
There exists exact functors 
Lemme 2.5.3. Then R is abelian.
2.6. Examples of torsion theories. Then torsion theory generated by τ C is given by T C = LR(C).
2.6.2.
A multiplicative system S is a subset in R stable by multiplication. Then T S = {M ∈ Mod(R) : ∀m ∈ M, ∃s ∈ S s.t.sm = 0} defines a Serre class. We are interested in torsion theory generated by A = ⊕ 1≤i≤j
Imf i Imf i with f i a bounded morphism between N (G)−Hilbert module. If
A ∈ M od(R), let S = {r ∈ N (G)with dense range : ∃a ∈ A with ra = 0} ⊂ ∪ a∈A (0 : a) .
Then properties of almost G−dense subset (see Shubin [32] or [26] Chap. XVI) imply that S is a multiplicative system. A N (G)−module M is τ S = (T S , F S ) torsion iff ∀m ∈ M, ∃s ∈ S s.t. sm = 0. Note that intersection of multiplicative systems is a multiplicative system. 
is a Serre class and defines a torsion theory τ dim on N (G). This torsion theory is real for a N (G)−module P is projective finitely generated iffP is (see 2.3).
Standard exemples of τ dim torsion module are given in 3.1. Modules of the shapeĀ A with A a G−invariant subspace of a finite G−dimensional G−Hilbert modules are zero dimensional. This follows from the normality of the dimension function (see a proof in 3.1).
2.6.4. Algebra U(G) of affiliated operator to N (G) is studied in Murray-Von Neumann [26] , Lück [23] Chap. 8. and Reich [30] .
Elements
This defines a torsion class T U and torsion theory τ U .
An element m ∈ M belongs to T U (M ) iff there exists an r ∈ N (G) wich is a non right zero divisor (iff r is a weak isomorphism) such that rm = 0. Indeed r becomes inversible in U(G).
According to Vas [35] p.9, a module F ∈ Mod(N (G)) is τ U −torsion free iff F is flat. This torsion theory is real for F is flat iffF is. Exemples of τ U torsion modules are given in 3.1.
2.7. Direct L 2 image. Let p :X → X be a covering map between complex manifolds. Let G be the group of deck transformations.
Let N (G) := N (G, C) be the its (left) von Neumann algebra, and let N (G) be the sheaf of rings it defines. According to Campana Demailly [4] , if F is a coherent analytic sheaf on X, there exists a sheaf p * (2) F called direct L 2 image such that p * (2) (.) is an exact functor on the category of coherent analytic sheaves to the category of sheaves (Campana Demailly [4] prop2.6). We change from notation of Campana Demailly [4] : our p * (2) F is written there p * (2)F .
Campana Demailly [4]Cor 2.7 proves
This isomorphism defines on p * (2) F a structure of N (G)− sheaf compatible with natural structure of Z[G]−sheaf. 
is well defined and exact.
Question: It seems natural to extends functor direct L 2 −images to an exact functor from category of D X coherent modules to category of N (G)−sheaves. So that above lemma and proof of prop. 4.1 will be simple consequences.
3. Hodge to de rham spectral sequence.
Let p :X → X be a G−cover. Fix a hermitian (later Kähler) metric on X, takes pullback metric onX. Let ∆ be the maximal extension of the Hodge laplacian dd * + d * d on complex forms. Then
2 is a positive injective operator with dense domain. Let A ′ p,q be the sheaf of currents of bidegree (p, q), and let A ′k be the sheaf of current of degree k. Let s ∈ R. Define Sobolev space S s (X) to be space of current
be a differential operator on X, acting on hermitian vector bundles. Let E (2) ∩ DomD be the sheaf generated by the presheaf U → L 2 (U, E) ∩ DomD of square summable section α such that Dα is square summable.
Also p * (2) (E ∩ Domd) is the sheaf generated by the presheaf U → [E (2) ∩ DomD](p −1 (U )). Note that these are sheaves of N (G, C)−modules.
Lemme 3.0.6. Let k ∈ N, k ≥ n. Let F be the Hodge filtration.
Proof. One filters complex (p * (2) A * ∩ Domd, d) with the Hodge filtration. Then
) is a filtered morphism.
Let f be a (p, q)−form (q ≥ 1) on a strictly pseudoconvex domain
(X) and operator ∂ and A commute if the metric is Kähler . 
+∞ and if f * f = λdE λ is the spectral decomposition of f * f , then there exists λ > 0 such that
Lemme 3.0.9 (Atiyah [1] , see also Shubin [32] , Lück [23] ). The complexes of Hilbert modules
Corollary 3.1.
1)
Im∂ q
Im∂ q is a dim N (G) torsion module.
2) ∀x ∈ Im∂ q , ∃r ∈ N (G) such that ker(r) = 0 and rx ∈ Im∂ q , so that U(G) ⊗ N (G) Im∂ q Im∂ q = 0.
Proof. 1) Lemma 2.12 of Shubin [32] implies that T = ∂ q : H 1 = Im∂ * q+1 → H 2 = Im∂ q is G−Fredholm, hence lemma 1.15 of Shubin [32] implies that ImT is G−dense in its closure:
In this example, one may take
2) Applies the T −lemma 2.2.8.
Analogue proof holds for elliptic morphism between vector bundles: Proof. Let (C . , δ) be a simplicial structure on X: C k is a collection of closed differentiable k−dimensional simplices and δ is simplicial boundary. If A is a sheaf on X, let (C . (A), δ) be the differential sheaf defines by 
Let (C . , δ) be the pullback simplicial structure. Then
Reduction with respect to torsion dimension τ dim gives result for combinatorial (see 2.6. 2) be the space of square integrable harmonic (p, q)−forms. 1) Let τ be a torsion theory such that H (2) in N (G, C) /τ . 2) Dimension torsion theory fullfilled assumption of 1).
and
), p, q ≥ 0 } is the smallest torsion theory on Mod(N (G)) wich satisfies above lemma. Let τ ∂ (or τ ∂,X ) be the torsion theory it defines on Mod(N (G)).
Theorem 3.4. Let X be a Kählerian manifold and p :X → X be a G−covering.
) is a quasi-isomorphismof N (G)−sheaves. This last quasi isomorphism defines a real structure on H N (G) (X, (p * (2) Ω . , d)) compatible with real structure given by Godement resolution and pseudo isomorphism
wich is isomorphic to
3) Assume that τ is real. Then Hodge filtration on hypercohomology
(2) These sheaves are Γ(X, .)−acyclic, and Γ(X, p * (2) S j A . ) = S j,. (X) for X is compact.
Hence
given by spectral sequence of N (G)−modules
It degenerates in Mod(N (G, C)) /τ .
Definition 3.4.1. Let R be a ring wich is also an R−algebra. Let τ ′ and τ be torsion theory on
Note that category Mod(R) /τ is abelian and admits inductive limits (Gabriel[16] prop. 9 p. 378). Hence, one may consider the category M(R) /τ ′ of sheaf with value in Mod(R) /τ ′ . Then functor localisation Mod(R) → Mod(R) /τ commute to inductive limits.
is the trivial torsion theory, one says that (K R , (K R⊗C , F )) is a τ −cohomological Hodge complex of sheaves.
In the following, we will mostly deals with τ ′ = (0, Mod(R)) the trivial torsion theory. Hence we will mostly used complexes of sheaves of N (G)−modules.
maps RΓ(i) (Hodge to de Rham) and m (Γacyclic sheaves) are filtered quasi isomorphism. Therefore if r ≥ 1,
defines isomorphism of spectral sequences. First degenerates mod dim N (G) . 2) Assume thatX → X is such that each connected componantsX i ofX is compact (and G is transitive on fiber). Let G i be the stabilisator ofX i and let p i be restriction of p to X i . Then d, ∂ have closed range. Indeed
Gi is a G−equivariant isometric isomorphism wich commutes with d, ∂. But taking invariant with respect to
Then cohomology is reduced, and Hodge structure is isomorphic to that ofX i (twisted by that of l 2 (G, C)). In general, if F is a sheaf for wich p * (2) F is defined then L 2 −cohomology is separated and
3.5. Addendum: Smoothing of cohomology. It is well known that cohomology of current is isomorphic to cohomology of smooth form. Here we insist on uniformity with respect to action of G.
) is a quasi isomorphism. Result follows for theses sheaves are flabby.
mixed Hodge structures.
In this section, one follows notations of Peters Steenbrick [28] Chap. 4: Let X be a complex manifold and D ⊂ X be a normal crossing divisor. Let j : U = X \D → X be the injection. 
Call (V, (z)) a standard chart and let (Λ
Weight filtration W is defined by
In a coordinate neighborhood (U, (z)),
. . , i k ) be an ordered k uplet. Defines
Then Res I is O X −linear, commutes with d. A permutation σ of 1, . . . , k defines another kuplet σ(I). Then Res σ(I) = (−1) sign(σ) Res I . Let Λ{e i , i ∈ T } be the free antisymetric algebra on T .
Let I ∈ T k , set Λ I e := e i1 ∧ . . . ∧ e i k . Let I, J be k−upplet such that the unordered sets are equals then 
such that
is an isomorphism of complexes (Deligne [6] 3.1.5.2).
Let p :X → X be a covering (not necessarly connected) with group of deck transformation G. If f : Y → X is a continuous map, let f * p :Ỹ → Y be induced covering. From lemma 2.7.4, the following complexes are well defined. Proposition 4.1.
1) Maps of filtered complexes
are filtered quasi isomorphism.
2) This defines an isomorphism between the Leray spectral sequence for j * (j * p) * (2) C and the spectral sequence for the hypercohomology of the filtered complex
Proof. 0) Corresponding statement without p * (2) is proposition 3.1.8 of Deligne [6] . Moreover let (V, (z)) be a standard chart for D in X ( so that D ∩ V = {z 1 = . . . z k = 0}).
Define a residu map
It is known (seeGriffiths Harris [19] ) that dΓ(V \ D, Ω m−1 ) = Ker(R m ). An explicit (continuous) left inverse S m is construct in Griffiths Harris [19] . It maps logarithmic forms to logarithmics forms.
. be a real torsion theory.
is a N (G)−isomorphism. This defines a filtered isomorphism for the canonical filtration. From Prop. 4.1 and exactness of Godement resolution, f 1 is a quasi-isomorphism. Also f 2 is quasiisomorphism. Hence f 1 , f 2 are filtered quasi-isomorphism. Thenβ is defined through
is an isomorphism). 3,a)
Lemme 4.1.3. The residue morphism
Proof. See Deligne [6] prop.3.1.9.
3,b) According to example 3.4.4 In this article, we use only mixed Hodge complexe over R−algebra. This reflects the use of l 2 (G, R). Therefore one does not use first comparison morphism. Definition 4.3.1. (Following [28] ) Let R be a ring wich is also an R−algebra. Let τ ′ , τ be torsion theories on R such that τ ′ is smaller than τ . MHC mod (τ ′ , τ ): The following is the "lemme des deux filtrations" (Deligne [6] 1.3 and Deligne [7] 7.2): W, F ) ) be a mixed Hodge complex mod(τ ′ , τ ). Then recurrente filtration and direct filtration induced by F on E p,q r (K R⊗C , W ) are equal in Mod(R ⊗ C) /τ ⊗C . Proof. We have following data within a torsion theory τ ′ smaller than τ : There exists a left fraction
qis with β 1 a morphism in Mod(R) τ ′ and β 2 a morphism in Mod(R ⊗ R C) τ ′ ⊗C such that β 1 ⊗ 1 C is a filtered quasi isomorphism. If, r ≥ 1, morphisms
define morphisms of spectral sequences
is an isomorphism. Moreover morphism of spectral sequences E r (β) defines a real structure α r on E r (K R⊗C , W ) such that d r is real, for one has
Note that real structure induced on E r+1 ≃ H(E r ) by E r is the same than its real structure. 
. But d 1 is real and compatible with F so that it is a morphism of Hodge structure in Mod(R) /τ . It is therefore strict for F in Mod(R ⊗ C) /τ ⊗C . 2) Proposition (7.2.5) in Deligne [7] implies that on E 2 , 
is a morphism of Hodge structures of different weights. It must vanish.
An induction argument implies that d r = 0 if r ≥ 2. 3) Therefore the following sequence is exact for any 1 ≤ r ≤ +∞ and for any p:
and one conclude from section (7.2) of Deligne [7] .
One gets our first theorem on mixed Hodge structure on l 2 −cohomology (compare with theorem 3.18 of [28] ): Theorem 4.5. Let Γ be functor of global section over X, from the category of N (G, R)−sheaves of modules (resp. N (G)−sheaves of modules) to the category of N (G, R)−modules (resp. N (G)−modules). Let RΓ be its derived functor realized through Godement resolution. Assume that a torsion theory τ is chosen so that for each p ∈ Z,
. In particular in Mod(N (G)) τ dim , there exists a mixed Hodge structure on Example 4.7.1.
2) Recal (Iversen [22] p.99 and p. 315) that if p :X → X is a covering map with group G of deck transforms between locally compact space, then functor p ! p * from category of sheaves on X to category of Z[G]−sheaves on X is exact (moreover, one has isomorphism
Then tensoring over C [G] by N (G) gives a functor from category of R−mixed Hodge complexes of sheaves on X to category of N (G)−mixed Hodge complexes of sheaves modulo dimension function: 
In case of holomorphic coherent sheaf (or locally constant sheaf) this map falls into p * (2) F . But is far from being surjective.
However, if one reduce to the category of sheaves in Mod(N (G)) τ dim , then one gets from usual
. In order to interpret d 1 through Gysin morphism, one uses the smooth logarithmic complex (see Griffith Schmidt [20] p.73):
with h a defining equation for D at x.
From its definition, (p
X (logD). Proof. 1) One first recall a proof in a coordinate chart (V, (z)): Hypothesis implies that hα and (hα) ∧ dh h extends as smooth forms. Assume that h = z 1 . . . z k in (V, (z)) and that hα = I β I dz I with
Hence 1 ∈ I ⇒ ∂ |B| ∂z B β I (p) = 0. By continuity, this holds for any p ∈ {z 1 = 0}. This implies (Malgrange [25] , Schwartz [31] th.2) that α I ∈ z 1 A . (V ). Renaming of coordinates proves therefore Proof. From Malgrange [25] , this is true without growth: For any finitely generated ideal I x ⊂ O x , let V a neighborhood of x such that one has a finite presentation 
4)
In the following diagram, maps are filtered quasi isomorphisms.
(Gr If dim C X = n, thenH 2n−2k (2) (D I ) (top reduced cohomology) is either vanishing (D I non compact) or one dimensional spanned by a fundamental class C I .
In general closedness of Im∂ :
) is controlled through amenability of G/G I with G I stabilisator of one irreducible componant ofD I .
A l−simplexe is an element (I, o) ∈T l+1 × {1, . . . , N } l+1 such thatD I is a compact (non empty) submanifold of p −1 (∩ i∈o D i ) (hence one remember order of intersection). (J, o) is a face of (I, o) if
Choice of support (29) implies that a * J ω i r * I C I (see (30) ) is closed inD J . Then (D p ) ∋ a = (a I C I ) → (a I ) ∈ l 2 (T p ) (33) and H −p+q (Gr This is combinatorial boundary map. 3 is N (G) /γ * τ ∂,X −isomorphic to Coker(∂ : l 2 (E) → l 2 (S)). Assume furthemore that group G is non amenable, then both boundary map ∂ and coboundary map ∂ * have close range for graph T is quasi isometric to a Cayley graph of G. There is no harmonic square integrable function on this graph, hence Coker(∂ : l 2 E → l 2 (S)) = 0. Therefore Gr 
Hence weight Gr

